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Abstract 

We consider non-relativistic electrons, each of the same charge to mass ratio, moving 
in an external magnetic field with an interaction potential depending only on the mutual 
separations, possibly confined by a harmonic trapping potential. We show that the 
system admits a "relativity group" which is a one-parameter family of deformations 
of the standard Galilei group to the Newton-Hooke group which is a Wigner-Inonii 
contraction of the de Sitter group. This allows a group-theoretic interpretation of Kohn's 
theorem and related results. Larmor's Theorem is used to show that the one-parameter 
family of deformations are all isomorphic. We study the "Eisenhart" or "lightlike" lift 
of the system, exhibiting it as a pp-wave. In the planar case, the Eisenhart lift is the 
Brdicka-Eardley-Nappi-Witten pp-wave solution of Einstein-Maxwell theory, which may 
also be regarded as a bi-invariant metric on the Cangemi-Jackiw group. 



1 Introduction 



Since at least the time of Galieo Galilei, physicists have realised the importance of under- 
standing how physical quantities change under changes of the frame of reference. With the 
development of Special Relativity, attention became focussed on the underlying group, and 
its invariants. Einstein's construction of the theory of General Relativity was based on the 
related idea that the paths of "freely falling particles" should be universal, that is to say, 
independent of their mass or other properties. However, as we aim to show in this paper, 
the utility of this viewpoint is not restricted to high energy physics or general relativity, 
but may also be applied with advantage to situations where the energies and speeds of the 
particles are moderate compared with that of light, and the gravitational fields are weak. 
All that matters is that the dynamical behaviour of the particles should be universal and 
that some sort of "Equivalence Principle" hold. 

These requirements are met in an extremely useful and well studied model in condensed 
matter physics, consisting of N electrons, each of mass m and charge e, moving in a uniform 
background magnetic field B. The electrons are assumed to interact with each other via a 
potential V that depends only on their ^N(N — 1) relative positions: V = Yla^b V( r a — r b), 
a, b = 1, 2, , N. A typical example would be a Coulomb potential, which is actually central, 
i.e. which depends only on the relative distances = |r a — r^|. However, for what follows V 
need not be central. In addition, especially in the case of "quantum dots" PQ, the electrons 
may be confined by an additional harmonic or "parabolic" trapping potential of the form 
^mw 2 r a; or m ore generally, an anisotropic oscillator potential. The classical Lagrangian 
in the isotropic case is therefore 

L = J2(\ mi '* +eAa -~ ta - \ muj2v l ) " ^(r« - r fe ) , C 1 - 1 ) 

a " a^b 

and the classical equations of motion are 

mr a = er a x B - mw 2 r a - V a V , (1.2) 

where V a = A a = A(r a ) and B = V x A . Since B is assumed uniform, A may be 
taken to be linear in r, and in what follows we shall adopt the gauge for which 

A(r) = -±rxB. (1.3) 

The system of equations (jl.2p has an extremely important property, first pointed out by 
Kohn [2 J in the case without trapping potential (i.e. with u) = ), and referred to as Kohn's 
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Theorem. This theorem states that one may split off the "centre of mass motion" in such a 
way that the interaction potential V(r a — r&) does not enter. In other words, the centre of 
mass degree of freedom, r = ^2 a ^a, completely decouples from the (N — 1) independent 
relative degrees of freedom in a universal way. For this property to continue to hold when 
a trapping potential is present, the potential must be the sum of identical quadratic terms 
for each electron, although each quadratic term need not be, as it is in (jl.ip . isotropic in r. 
One way to obtain Kohn's result is to substitute the identity 



\ -2 



a a a <b 

into the Lagrangian (jl.ip . Alternatively, one may note that the equations of motion (jl.2p 
admit a symmetry 

r a ^r a + &(t) (1.5) 



where 

a = — axB-w 2 a (1.6) 

m 

For this reason, Kohn's theorem is often ascribed to the Galilei invariance of the system. 
However this is not actually correct since the solutions of (jl.6p are not of the form a = b+ut. 
Moreover, the presence of a non- vanishing magnetic field B breaks the SO (3) rotational 
symmetry down to the SO{2) subgroup of rotations about the direction of the magnetic 
field. Nevertheless, for fixed oj and B = |B|, the second-order differential equation (|1.6j) does 
have a 6-parameter set of solutions which in general defines a 6-parameter symmetry group. 
This six-dimensional group of generalised translations and boosts is abelian, just as in the 
Galilei case. However since the transformations, i.e. the solutions of (|l-6j) . depend non- 
trivially on time, when time translations are taken into account we get a seven-dimensional 
non-abelian group. Thus the relevant symmetry group is not the translation, boost and 
time-translation subgroup of the Galilei group, but appears to belong instead to a continuous 
one-parameter family of deformations depending on the dimensionless ratio e5/(mw). If 
the residual rotations are added we get an eight-dimensional group. However the apparent 
dependence on the dimensionless parameter eB /{muj) is illusory, since by an application of 
a well known result of Larmor [3] , the magnetic field B may be eliminated by passing to a 
rotating frame with angular velocity ~gj given by 

at the expense of introducing a quadratic potential. 
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To see this in detail, note that if we pass to a frame that is rotating with constant 
angular velocity vj then for any vector x, 

x = x' + roxx, (1.8) 

where a ' indicates a time derivative of the components of x in an inertial or space-fixed 
frame, and a ' denotes a time derivative of the components in the rotating frame. 
The equations of motion become 

" a = er' a x ( B H vj ) -muj 2 r a + e{vj xr a )xB- mvj x (vj x r ) - V a V(r a - r b ) . (1.9) 



mr„ 



e 



The equations of motion (jl.2p are unchanged in form if we make the replacement 

B^B + — vj (1.10) 

m 

and modify the trapping force, a result usually called Larmor's theorem. However 

(vj x r„) x B = ^V a (r a • r )(w • B) - (r a • B)vj (1.11) 

and 

V a x ((r a -B)w) =B xvj, (1.12) 

and so the motion in the modified trapping force is not conservative unless either vj x B = 
or the motion is perpendicular to the magnetic field, r a ■ B = 0. In the latter case, the 
passage to the rotating frame is a symmetry relating equivalent systems connected by 



2m 2 _ 2 2 2 e n 2 / eB .2 e 2 B 2 

W CO — > CO = CO —W Bw = CO — (W -\ ) + — 7T 

e m 2m' 4m 2 



Note that under Larmor's transformation 

P 2 R 2 2 n2 

and so f2 2 is unchanged. 

In the planar case, this is just a modification of the existing quadratic trapping potential, 
and therefore one may always eliminate the magnetic field. One may also check that if one 
wishes, rather than eliminating the magnetic field, one may use a Larmor transformation 
to eliminate the trapping potential. 

Taking the first option, the symmetry group of the system is now easy to identify. 
It is the Newton-Hooke group in (2 + 1) dimensions. In (3 + 1) dimensions the Newton- 
Hooke group is one of the possible kinematic groups first classified by Levy-Leblond and 
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Bacry [HE], which may be regarded as a small- velocity limit, or Wigner-Inonii contraction 
[6], of the of the anti-de Sitter group 50(3,2). In effect, the trapping potential behaves 
like a universal cosmic attraction associated with a negative cosmological constant A = 
-3w 2 /c 2 H2]. The Newton-Hooke group has been applied to non-relativistic cosmology, 
both classically and at the quantum level |13j. Thus one is tempted to wonder whether the 
deformations where the magnetic field is included may also have a cosmological application 
to a Goedel-type rotating universe with a cosmological term. 

In the planar case the relevant Newton Hooke group is six-dimensional, and it is a 
Wigner-Inonii contraction of £0(2,2). 

One purpose of the present paper is to explore the properties of the deformed group 
in more detail, and to use it to obtain the quantum mechanical spectrum of the centre of 
mass motion for general B and to directly, by using group theory. This was partially done 
by Kohn in his original paper [2] in the case to = 0, by using an operator method. The full 
spectrum of a particle in a magnetic field with harmonic potential was obtained by Fock 
[7] and by Darwin [8] long ago, by solving explicitly for the wave functions and using the 
properties of the associated Laguerre polynomials. We shall obtain the spectrum without 
solving for the radial functions, by using oscillator methods. 

It is well known that at the quantum mechanical level, the classical 10-dimensional 
Galilei group enlarges to Bargmann's 11-dimensional central extension [SJ. e find that a 
similar phenomenon occurs in our case. (For an alternative discussion of central extensions 
of the (2 + l)-dimensional Newton-Hooke group, from the point of view of nonlinear re- 
alisations, see |10j.) In order to obtain the quantum mechanical symmetry group we first 
turn to a classical Hamiltonian treatment, obtaining the canonical generators or "moment 
maps" of the seven-dimensional symmetry group. It is well known that the Lie algebra of 
a transformation group acting on phase space will not in general coincide with the Poisson 
algebra of its moment maps, because of the possibility of central terms. That is precisely 
what we find in our case. Upon quantisation of the moment maps by replacing the canonical 
momentum 7r by —iKV acting on the quantum mechanical wave function, we indeed find 
that it is the centrally-extended Poisson algebra that applies at the quantum level. 

In the planar case, we obtain in this way a seven-dimensional extended group which is 
isomorphic to [CJ ® Cj\ /N, where CJ is Cangemi and Jackiw's central extension of the 
two-dimensional Euclidean group [11], TV being the central extension. 

A nice geometric way of understanding the central extensions of non-relativistic sym- 
metry groups acting on a (d + l)-dimensional non-relativistic spacetime is via a "light- 
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like reduction" of a Lorentzian metric on a {d + 2)-dimensional spacetime that admits a 
covariantly-constant null Killing vector field |14t |15| . According to a result of Eisenhart 
|16j . a rather general class of mechanical systems may be lifted so that their motion is a 
"shadow" of a null geodesic in d + 2 dimensions. In our case d = 3N, and we carry out the 
lift and describe some of the properties of the higher-dimensional spacetime. The Eisen- 
hart lift of the centre of mass motion in the planar case turns out to be a Nappi-Witten 
pp-wave [T7] , which has arisen in string theory [181 EHJ 1201 EH [22] • This particular four- 
dimensional pp-wave is homogeneous, with the seven-dimensional Newton-Hooke group as 
its symmetry. In fact it may be identified as the group manifold of the universal cover of 
the Cangemi-Jackiw group CJ . 

The organisation of the paper is as follows. In section 2 we shall describe the action of 
the classical relativity group of our model on its non-relativistic spacetime. We construct its 
infinitesimal generators as vector fields on the spacetime and evaluate their Lie brackets and 
hence determine the associated Lie algebra. In section 3 we provide a brief account of the 
modifications brought about by a uniform electric field. In section 4 we pass to a classical 
Hamiltonian treatment and find that the Poisson algebra of functions on phase space differs 
from the classical Lie algebra by central terms. In section 5 we pass to the quantum theory 
and find that the central terms are present in the quantum algebra. We use the algebra 
to obtain the wave functions and energy eigenvalues. In section 6 we lift our system from 
configuration space to a Lorentzian spacetime with two extra dimensions admitting a null 
Killing vector, for which the classical motion lifts to that of a null geodesic. In section 7 
we identify the light-like lift in the planar case to be the Brdicka-Eardley-Nappi-Witten 
pp-wave spacetime. 



2 The Action on Non-Relativistic Spacetime 

In this section we give the solutions of (jl.6p and use them to obtain the action of the 
seven-dimensional group on the (3 + l)-dimensional non-relativistic spacetime M re \ whose 
coordinates are (t, r). This allows us to obtain their infinitesimal generators as vector fields 
acting on A4 rc \. The Lie algebra is then obtained by taking Lie brackets. 

Consider the system (jl.6p with a uniform magnetic field. Taking B to lie in the z 
direction, and defining 

y = ^-, n = v 7 ^ + ^ , (2.i) 
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where v is the Larmor frequency, the general solution of (|1.6p is given by 

a x = a\ cos(f2 + v)t + a.2 sin(J7 + + /3i cos(f2 — — /?2 sin(fi — , 
a y = a<i cos(f2 + u)t — ai sin(J7 + v)t + /?2 cos(f2 — v)t + (3\ sin(f2 — u)t , 
a z = «3 cos cot + /33 sin tot , (2-2) 

where a» and /3« are 6 arbitrary constants. Thus we may read off the 6 associated generators: 

d d 

Ki = cos(Q + v)t — sin(J7 + v)t — — , 

Ox Oy 

d d 
K2 = sin(Sl + v)t — — h cos(J7 + v)t — — , 
Ox Oy 

d d 
K3 = cosfO — u)t — — h sin(J7 — v)t — — , 
Ox Oy 

d d 
K4 = — sin(f] — v)t — — h cos(Sl — v)t — , 
Ox Oy 

K5 = coswt — , 
OZ 

K 6 = (2.3) 

u; az 

These all commute. If we define also H = d/dt, then we have the commutators 

[H,Ki] = -(fi + i/)K 2 , [H,K 2 ] = (Q + v)Ki, 
[H,K 3 ] = (fi-i/)K4, [H 5 K 4 ] =-(0-^X3, 
[H,K 5 ] = -w 2 K 6 , [H,K 6 ]=K 5 . (2.4) 

In the limit when uj = 0, the six K( a ) generators become 

Ki = cos 2z^i — sin 2vt — , 

ox oy 

d d 
K 2 = sm 2vt — — h cos 2z/i — , 
ax ay 

K 3 = » «, = *, 
ox oy 

K 5 = 5-, K 6 = t — . (2.5) 

OZ OZ 

Note that even if ui 2 = 0, and we do not obtain the two-dimensional Galilei group, 
The equations of motion are invariant under rotation about the direction of the magnetic 
field B. This is generated by 

1 (2 ' 6) 
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Clearly J commutes with H, K5 and Kq. It acts by rotations on (Ki,K2) and (K^IQ): 

[J,Ki] = -K 2 [J,K 2 ]=K! 

[J,K 3 ] = -K 4 [J,K 4 ]=K 3 . (2.7) 

The six-dimensional sub-algebra spanned by (H, J, Ki, K 2 , K3, K4) appears to depend on 
the two constants v and 0, but as mentioned earlier, by Larmor's theorem, the apparent 
dependence on v is illusory. To see this explicitly we may pass to coordinates x, y in a 
rotating frame by setting 

x + iy = e imt (x + iy) (2.8) 

so that 

a l +ia 2 = e i ™ t {a l +ia 2 ) (2.9) 

and find that in the new coordinates Q, is unchanged but v is replaced by v + w. By an 
appropriate choice of the angular velocity w of our rotating frame we may give the Larmor 
frequency v any value we wish. Despite this, we we shall retain both parameters in the 
formulae that follow. 

3 Electric Fields 

We shall now briefly review the situation when a uniform time-independent electric field E 
is present, since this introduces new some features. The equation of motion is now 

r a = -E + -r a xB-w 2 r a --V a y (3.1) 

mm m 

The point is that while f)3. 1 1) is is still invariant under the deformed Galilei group, i.e. under 

r a -> r a + a(i) , (3.2) 

one may enhance the symmetry group of the equation if one allows a transformation of the 
electric field E. Consider, to begin with, the case with an electric field but no magnetic 
field and no trapping potential, so that 

r a = -E--V a V. (3.3) 
m m 

Because the ratios of charge to mass of all the particles are identical, the equation of motion 
is now invariant if one transforms r a as 

r a (t) -> r a (t) + ^Ct 2 (3.4) 



and one transforms the electric field as 

E -> E 



m 



C. 



(3.5) 



Indeed if one picks C = ^E, one may eliminate the electric field altogether. Clearly 
this is the analogue of Einstein's equivalence principle. The additional vector fields are 

1 



Q = -t 2 Vi 
2 



and 



[H, d] = tV, 

where the right-hand side of (|3.7p is a Galilean boost. 

The inclusion of a magnetic field changes things. The equation of motion is now 



(3.6) 
(3.7) 



C 6 

= — E H r a x B 



1 



??? 



771 



77J 



■v a y, 



and a boost 



r a (t) -> r (t) + ut 
induces a "non-relativistic Lorentz transformation" 

B^B, E^E-uxE, 

Indeed if we choose the drift velocity to satisfy 

E + v d x B = , 



(3.8) 
(3.9) 

(3.10) 
(3.11) 



we can eliminate the electric field altogether. This is essentially the classical Hall effect. 
The presence of the trapping potential further complicates matters since a translation 



r a (t)^r a (t) + b 



induces the transformation 



and if we choose 



E -> E 



TOUT 



-b 



:E. 



(3.12) 

(3.13) 
(3.14) 



we can also eliminate the electric field altogether. 

The upshot of this discussion would seem to be that by a suitable symmetry transfor- 
mation we can always eliminate any uniform electric field and we have seen above that we 
may remove any uniform magnetic field. In what follows we shall not consider electric fields 
further. 
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4 Classical Hamiltonian Treatment 

Starting from the Lagrangian (jl.ip . and the canonical momentum 

7r a = mr a + eA a = p a + eA a , (4.1) 

the Poisson brackets are 

{xia, TT jb } = 5ij5 ab , {x ia , x jb } = , {n ia , ir jb } = , (4.2) 

and 

{xia,Pjb} = Sij5 ab , {pia,Pib} = e5 ab e ijk B k . (4.3) 
The Hamiltonian is given by 

a a a<b 

= ^Ep« + WE r «+E y ( r «- r ^ 

a a a<b 

= H + Hrd, (4.4) 



where the centre-of-mass and relative Hamiltonians are given by 

H = 2l? p2 + ^ Mu;21 ' 2 ' (45) 

a,b 

N is the number of electrons, and M = mN is their total mass. Note that we have defined 
the centre-of-mass coordinates r, and the centre-of-mass momentum p by 



r 

N 



^E r - p = Ep- ( 4 - 7 ) 

a a 

Similarly, we define the centre-of-mass canonical momentum by 

w = 2>a (4.8) 

a 

and so we shall have the Poisson bracket relations 

{Xi,7Tj} = Sij , {Xi,Xj} = 0, {tt^tTj} = 0. (4.9) 

We also have 

{Pi,Pj} = eNe ijk B k , {xi,Pj} = , (4.10) 



and 



p = — pxB. (4.11) 
m 



Note that eN is the total charge. 

In the "symmetric" gauge f)l .3j) that we are using, we have 

Px = ^x + vMy, Py = TTy vMx , p z = ir z . (4.12) 

The generators K/ a ) defined in (|2.3p act on the x % and pi, according to 

S^x* = K\ a) , 6 {a)Pi = mbx' = MK\ a) , (4.13) 

where the dot means a derivative with respect to t. We may therefore read off the corre- 
sponding moment maps K( a \, i.e. the functions on phase space such that 

8(a) x * = i x% > 8 {a) pi = {p U K {a) } . (4.14) 

We find that they are given by 

ki = {ftx + MVty) cos(0 + v)t — (TT y — MClx) sin(Q + v)t , 

k-2 = [k x + MVty) sin(fi + u)t + (ir y — MVtx) eos(f2 + , 

K 3 = (tTx ~~ MQy) cos (CI — v)t + (7r a + Mflx) sin(S7 — , 

K4 = — (7ra; — Mfiy) sin(f2 — z/)i + (71^ + MOa;) cos(il — v)t , 

^5 = 7r z coswi + Mojz sinwt , 

sin uit , . 

^6 = tt z Mz coswt. (4-15) 

w 

It is straightforward to see that the moment maps have the following non-vanishing 
Poisson brackets: 

{ Ki ,k 2 } = 2MQ, -j> 3 ,K 4 } = -2MQ, {k 5 ,k 6 } = M. (4.16) 
The centre-of-mass Hamiltonian (|4.5p is given by 

n = 2F [ (vF;c + Muy)2 + (% " Ml/x)2 + **] + \ Mb?{ ^ + y2 + z2 ) • ( 4 - 17 ) 

It can be verified that the Poisson brackets of the Hamiltonian with the moment maps are 
given by 

{H,k{\ = -(Q + i/)k 2 , {7-L, k 2 } = (O + v) K\ , 
{W,K3} = (Q — u) K4 , {H, K4} = — (U — v) K3 , 

{-H,K 5 } = -U 2 K 6 , {n,K 6 } = K 5 . (4.18) 
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Thus the Poisson brackets of the moment maps with each other and with the Hamiltonian 
Ti are the same as the Lie brackets of the generators K( Q ) with each other and with H, 
except for the central terms in (|4.16j) . 

Note that the moment maps are conserved, i.e. 

d,K( a ) dK( a ) r 

-jr = ^r + K*)>^} = °- ( 4 - 19 ) 

In what follows, we shall focus our attention on the centre-of-mass Hamiltonian for the 
(x, y) plane alone. Thus we write % = H± + %3, where, from (|4.17p . we have 

n± = ^[{n x + Mvyf + {it y - Mvxf\ + \Moj 2 {x 2 + y 2 ) , (4.20) 

K 3 = ^k 2 z + \Mu 2 z 2 . (4.21) 



We may write T~L± as 



+ v 2 2 n - v 2 . 2 A 



4MQ L 

n - v 

+■ 



(tt x + MVLy) 2 + (n y - Mttx) 



y 

{tt x - MQy) 2 + (iiy + Mtlx) 2 . (4.22) 



4MO 

It will be convenient to define the complex combinations 

a = (tt x + MVLy) + i(n y - MQx) 



a T = + MOy) - i(ir y - MQ, 



b = (tt x - MQy) - i(% + Mttx) , 

6 f = (tt x - MQy) + i(ir y + MQ,x) , (4.23) 



in terms of which we may write the Hamiltonian as 



H ± = ^Ja + — tfb. (4.24) 



J=T^ tfb - «M • (4-25) 



Note that the angular momentum J = xir y — yir x is given by 

1 

4MO 

5 Quantisation 

We may pass from the classical algebra of Poisson brackets to the quantum commutation 
relations by means of the standard replacement 

7T >7V = -lflV. (5.1) 
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One then verifies that with the replacements 

{A,B}^{AB} = -[A,B\, (5.2) 
n 

the Poisson bracket algebra given in (|4.16j) and (|4.18p yields the same commutator algebra 
as that of the quantum operators. 

The quantities a and b defined in (I4.23P now become the quantum operators 

a = (n x + MQy) + i(% y - MVLx) , 

a t = (tt x + MQ,y) - i(n y - Mttx) , 

b = (tt x - MSly) - «(% + MQx) , 

&t = (tt x - MQy) + i(7T y + MQx) , (5.3) 

obeying the commutation relations of two mutually commuting sets of annihilation and 
creation operators: 



[a, a 



[b, = AHMVL , (5.4) 



and the Hamiltonian and angular momentum can be written as 

There is therefore a unique ground state |0) of energy HQ satisfying a|0) = 0, 6|0) = 0, 
with excited states of the form 

\p,q) = (atf (&t)*|0>, (5.7) 

and energies 

E p ,g = (p + q+ l)hQ + (p - q)hv . (5.8) 
The state \p, q) has angular momentum 

J p , q = {q-p)h. (5.9) 

These results coincide with those of [7] and |8j. 

Concretely, if we write £ = x + iy, then (setting h = 1 for convenience) 

a = -2i{8 + %MSIQ , a 1 " = -2i(d - , 

b = -2i{d+\MQQ : P = -2i(B - ±MQ() , (5.10) 
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where d = d/dQ and d = d/dC,. The wave functions are of the form 

^ Pi9 oc (P(i e -^ MQ ti. (5.11) 
The angular momentum operator now takes the form 

J = 0-(d. (5.12) 

6 The Lightlike Lift 

By a result of Eisenhart [16] , a classical Hamiltonian of the form 



U = ^-g IJ fa - eAj^TTj - eAj) + V(x) (6.1) 

may be obtained by reduction from the Hamiltonian 

U = 9 U Ui - — Anr s ) (ttj - — AjTT s ) + 2ir s Tr t + — Vtt 2 s , (6.2) 
V m / V m I m 

for a massless particle moving in the higher-dimensional Lorentzian metric 

2e 2 

ds 2 = gudx^x 3 H Ajdx 1 ^ + 2<iicfo V dt 2 . (6.3) 

m m 

The procedure is to impose the massless condition Tl = and substitute for the constant 
component of momentum 7r s associated to the null Killing vector d/dv the value ir v = m, 
and to identify the moment map 7it associated to time translations with —%. 

At the quantum level, the Schrodinger equation associated with the quantised Hamil- 
tonian H can be derived from the massless Klein-Gordon equation □<!> = in the higher- 
dimensional metric (|6.3|) . by writing 

$(x,t,v) = e imv ^{x,t), (6.4) 

thus giving 

5^ 1 

* ~dt = ~2m~ (V/ ~ ieAl ^ Vj ~ ieAj ^ + V * (6 - 5) 
in the lower dimension. 

In our case gjj = 5jj, x 1 = Xi a and 
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The metric (16.31) can be written as ds 2 = ds 2 + ds 2 el , where 



ds 2 = N 



(dx - vydt) 2 + (dy + vxdt) 2 + dz 2 - [tt 2 (x A + y 2 ) + uo 2 z 2 )}dt 



ds 2 e i 



+2dtdv , (6.7) 



^ [( dXa ~ dxb ~ v ^ Va ~ y^dtf + ( d y>> ~ + ^(^ - x b )dty 



N 

a<b 



+{dz a - dz b ) 2 - {Q 2 (x a - x b ) 2 + tt 2 (y a - yb) 2 + u 2 (z a - z h f 

+ -V{r a - r^dt 2 ] . (6.8) 
m J 

Note that although we have written the metric as the sum of two terms, it is not a product 
metric. It could be made into a product metric at the expense of introducing another 
timelike coordinate r, so that t in (j6.8j) is replaced by r. If V(r a — r^) is positive, then ds 2 
and ds 2 el would then both be Lorentzian. 

The centre of mass metric ds 2 , and indeed the entire metric ds 2 , is invariant under the 
action of the Killing vectors K( Q ), H and J which are the lifts of the vector fields K( Q ), H 
and J that we introduced in section 2, where 

d 

Ki = Ki + NQ [xs'm(fl + v)t + ycos(fl + u)t] — , 

d 

K 2 = K 2 + NU [y sm(n + u)t - x cos(fi + v)t — , 

ov 

d 

K 3 = K 3 + NQ [x s'm(n - v)t - y cos(0 - v)t ] — , 

d 

K 4 = K 4 + NO, [ysin(0 - v)t + xcos(VL - v)t] — , 

d 

K5 = K5 + Nujzsinuit — , 

ov 

d 

Kg = Kg — Nz cos uit — , 

ov 

H = H, 

J = J. (6.9) 

The Lie brackets of H and J with Kr a \ are the same as in (j2.4|) and (j2.7p . but the K( a ) no 
longer commute with each other. Their Lie brackets 

r\ O O 

[Ki,K 2 ] = -2NQ— , [K 3 ,K 4 ] =2iVfi— , [K 5 ,K 6 ] = -7V— (6.10) 

coincide with the negatives of the Poisson brackets of the moment maps «v a ) , as given in 
(|4.16p . In fact, one may pass from the moment maps K( a \ to the Killing vectors K( a ) by 
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means of the replacements 

K,vr„^m}^{A,|,^,|.}. (6 . n) 

In accordance with Larmor's theorem, the apparent dependence of the metrics (|6.8p on 
the Larmor frequency v may be eliminated and v set to zero, by the coordinate transfor- 
mation (12. 8ft with m = —v. The centre of mass metric restricted to z = then takes the 
simple form 

dx 2 + dy 2 + (n 2 (x 2 + y 2 ) + uj 2 z 2 )dt 2 ] + 2dtdv . (6.12) 



ds 2 = N 



We shall discuss this further in the next section. 



7 Brdicka-Eardley-Nappi-Witten waves 

In this section we shall relate the Eisenhart lift we have found above to the general class 
of pp-wave solutions to the Einstein-Maxwell equations that is defined by two arbitrary 
holomorphic functions, f(u,() and £), with complex conjugates f(u,() and (j)(u, (). 
The configuration takes the form 

ds 2 = du(dv + H(u, C, C)dv) + d(d(, F = du A (d C (j>d( + d^dQ, (7.1) 

where 

H(u, C, C) = /(«, + f(u, - 20(n, ()$(u, 0, (7.2) 

and 

F = F^dx^ A dx v . (7.3) 

We have used light-cone coordinates (u, v) and complex coordinates ((, £). The covariantly- 
constant null vector field is l^d^ = d/dv. 

A very special property of this solution is that the Maxwell and Riemann tensors can 
be written as 

The vector and symmetric tensor k^ v are orthogonal to P. Therefore the solution will 
solve virtually any effective action with higher-order curvature terms. This includes closed- 
string corrections of the form (i? / ^a i g) n , open-string corrections of the Born-Infeld type 
and mixed "corrections" introducing non-minimal coupling. The solutions might however 
be renormalized by higher-derivative corrections. For the gravitational or closed-string 
corrections this has been discussed in [2T] . 
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A weaker constraint that implies vanishing of some closed-string corrections is the one of 
conformal flatness. The Weyl tensor vanishes for (|7,ip as long as d 2 H = d^H = (compare 
with the vacuum equation d^d^H = 0). This is exactly what we will find for the Nappi- 
Witten case below. It is then straightforward to find a set of coordinates where conformal 
flatness becomes explicit. 

Some special members of this family of pp- waves are supersymmetric. The Killing spinor 
equation of ungauged N = 2, D = 4 supergravity, 

(d + - A u ab T ab - - A F ab T ah T^j e = , (7.5) 

reduces to 

T u e = 0, d u e + 2F ux T x e = . (7.6) 

We have changed to real coordinates in the transverse space, £ = x + iy. These gamma 
matrices are flat, i.e. they obey a Clifford algebra given by (|7.ip with H = 0. The first 
condition is the usual supersymmetry condition for non-electromagnetic pp- waves. The 
second Cciii only be solved if F ux is independent of the transverse space, i.e. if F ux = f(u). 
Then we find the non-trivial Killing spinor 

e = e- 2 f f W duTX e , T% = . (7.7) 

This wave preserves half of the vacuum super symmetries. Notice that all supersymmetric 
solutions with f(C,u) linear in £ are conformally flat. 

A slightly more restrictive requirement is that the Maxwell field be covariantly 
constant 

Vpi^ . (7.8) 
It follows that F ux = C, or equivalently d^4>{u, Q = C, and hence 

0(u,C) = CC, H(u,(X) = f(u,0 + f(u,()-2C 2 a, (7.9) 

where C is a constant. This special solution has been considered by several authors. Brdicka 
|24j seems to have been the first to obtain it. Eardley [23J obtained it from requiring F^ u to 
be covariantly constant. Nappi and Witten constructed this geometry as the target space 
of a Wess-Zumino- Witten conformal field theory with central charge c = 4 |17j . although 
they did not state it is also a solution to Einstein-Maxwell theory. The Nappi- Witten form 
of the metric can be obtained from the solution (|7. 1[) with functions (j7.9|) by considering 
/(«, C) = 0- Performing the coordinate transformations 

C = (ai-ia 2 )e iu '/ 2 , «=-^, v = 2x/8C (v' + ^ V (7.10) 
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we obtain the metric form used by Nappi and Witten 

du' ( v! v! \ 

ds 2 = 2du' dv' +bdu' 2 +da l da : ' Sij+eijCLjdciidu' , F = —j=f\ I cos — da\ + sin — dci2 I . (7.11) 

v2 V 2 2 / 

In what follows we will drop the primes for convenience. 

Despite appearances, the spacetime (I7.1ip is completely homogeneous. In fact, the 
metric (17. lip is a bi-invariant metric on the Cangemi-Jackiw group, which we denote by 
CJ. This group is the universal covering group of a central extension of E(2), the three- 
dimensional isometry group of Euclidean two-space, by the additive group of real numbers 
R: 

CJ = CU, G 4 /M = E(2) . (7.12) 

G4 is of course the central extension of E(2), and the tilde stands for universal covering. We 
denote the generators of CJ, Ta = {Pi, J,T}, for i = 1,2, where the first three generate, 
respectively, translations and rotation in Euclidean two-space, and the last is the central 
element. An arbitrary element of the CJ group is represented as 

g = exp (cijPj) exp (u J + vT) . (7-13) 

The Lie algebra of the group has non-vanishing commutators 

[Pi, Pj] = eijT, [J, Pi] = djPj , (7.14) 

where is the Levi-Civita tensor density for Euclidean two-space. Since J generates rota- 
tions we have < u < 2ir, for G4. The other coordinates are unconstrained. Topologically 
therefore G4 = S 1 x R 3 . But for CJ = G4 we have — 00 < u < 00, and therefore CJ is 
topologically R 4 , just as the pp-wave solution. 

At this point we would like to remark that the normal subgroup generated by Pi,T 
is clearly the nilpotent Bianchi II Lie algebra, and so it is isomorphic to the Heisenberg 
algebra. This will be of interest in the dynamical analysis performed below. 

We now give the isometry group. It was noted in [17J that it has dimension seven. 
Explicitly we compute the Killing vector fields to be: 

Lj = d u , Rt = Lt = d v , 
Ri = di + \eijdjd v , Rj = d u - e^ajdi, (7.15) 
Li = cos udi + sin ueijdj + \ (sin ua,i — cos ueijdj) d v . 
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These split into two copies of the G4 Lie algebra. The non-trivial commutators are: 

[Lj, Li] = eijLj, [Li, Lj] = eijLx; [Rj,Ri] = —eijLj, [Ri,Rj] = —e^Rr ■ (7.16) 

The isometry group is therefore (G\ x G^)/N\, where N\ is the common centre generated 
by T. The right-invariant vector fields, Ri, generate the left action of the group on the 
spacetime. Considering an element g' = exp (a^Pi) exp (v! J + v'T) £ G\ acting on g = 
exp {cLiPi) exp (uJ + vT), one obtains the transformation 

(aj, u, v) — > (a, cos u — tijCij sinu' + a'i,u + u , v + v' H — a^e^di cos v! H — a-aj sinu') . (7.17) 

The right action generated by g' £ G4 is obtained by interchanging primed and unprimed 
coordinates on the RHS of (|7.17]h 

A set of right (left) invariant forms, i.e. dual to the right (left) invariant vector fields, 
is {p a }({\ a }), given by: 

7 T 1 1 

p = du, pi = den + eijdjdu, p = dv — —eijdjdai — —aididu, 

(7.18) 

X J = du, X T = dv + -eijdjdcii, Aj = cos udcn + sin ueij da j . 
The metric can then be written in the explicitly right-invariant or left-invariant form 

ds 2 = p T p J + bp J p J + pipi = 2X J X T + 6A J A J + XiXi , (7.19) 

showing it is the bi-invariant metric on the group. 

8 Conclusion 

In this paper we have provided a fairly full account of the symmetries, both classical and 
quantum, of a non-relativistic system of charged particles each with the same charge to 
mass ratio, moving in a magnetic field and harmonic trapping potential and subject to 
mutual interactions depending only on their separations. The assumption of equal charge 
to mass ratios gives rise to a sort of relativity principle in which the Galilei and Bargmann 
groups are deformed to the Newton-Hooke group. We have described the action of this 
group on the non-relativistic spacetime which is the analogue of Newton-Cartan spacetime. 
In this way we have given a group theoretic interpretation to a well known theorem of Kohn. 
Interestingly, Larmor's theorem becomes exact in this situation and we used it to show that 
what appear to be a one-parameter family of deformations are in fact isomorphic. 
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We have also given a "relativistic" description in terms of the null geodesies in a space- 
time admitting a null Killing vector field. In the planar case we have shown that this 
spacetime is a pp-wave and may be thought of as a bi-invariant metric on the Cangemi- 
Jackiw group. 

We have not dwelt in this paper on the possible applications of our results, but we 
would like to remark that in addition to the quantum Hall effect and cyclotron resonances 
[2], and quantum dots |25t I26j . one might expect them to be relevant for Bose-Einstein 
condensates and the Gross-Pitaevskii equation [271 [28], an d possibly also for the collective 
model of nuclear physics (we owe this latter suggestion to David Khmelnitskii) . In the light 
of current interest in laboratory analogue models which are able to capture some aspects of 
general relativity, cosmology and quantum gravity, this might be worth pursuing, as would 
possible implications for the AdS/CFT correspondence. At the more formal level it would 
be interesting to explore supersymmetric [29], conformal [30] and non-commutative [3 1|. 132] . 
extensions of our results. 
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